It is shown that a stutter-invariant property is expressible in Temporal Logic of Actions if and only if it is expressible in Second-order Temporal Logic. In particular, validity questions can be translated from one logic to the other. The proof is based on equivalence transformations between the formulas of Temporal
Introduction
A concurrent algorithm is usually specified by a program and correctness of the algorithm means that the program satisfies some desired properties. In other words, in a standard program verification, given a model (as a program, etc.) and a specification (as a logical formula or an automaton), a formal verification is a proof that the model satisfies the specification. A number of methods for reasoning about concurrent programs and hardware devices are based on proof systems for temporal logic. A few years ago Lamport [7] suggested an approach in which both the algorithm and the property were specified by formulas in a single logicTemporal Logic of Actions (TLA). In TLA correctness of an algorithm means that the formula specifying the algorithm implies the formula specifying the property, where 'implies' is an ordinary logical implication. That is, in TLA correctness of an algorithm means that the corresponding implication is semantically valid. Thus, correctness of an algorithm means validity of a single TLA formula.
The main feature of TLA is that satisfiability of its formulas is invariant under stuttering. This property, apart from being interesting in its own right, has applications in reasoning about hierarchically constructed concurrent systems [3] and model checking via partial order reduction [4] . Also, as argued in [7] , TLA is very convenient for program specification, because it allows modularization and refinement (that is a natural feature of stuttering).
TLA combines two logics: a logic of actions and a standard temporal logic. An action is a formula without temporal operators containing variables, primed variables, and constant symbols. In general, an action represents a relation between the current state and the next state, where the unprimed variables refer to the current state and the primed ones refer to the 840 The Expressive Power of Temporal Logic of Actions next state. For example, Ü ¼ Ý · ½ , where Ü and Ý are variables, is an action stating that the value of Ü in the next state equals the value of Ý in the current state plus ½. Elementary formulas of TLA are those not containing primed variables or temporal operators and formulas of the form ¾ Ø , where is an action. The formula Ø states that either holds between the current and the next states or the value of the term Ø does not change when passing to the next state. In this way stuttering steps which leave all variables unchanged are allowed. General TLA formulas are obtained from the elementary ones using, under certain restrictions, boolean connectives, TLA quantification, and the unary temporal operator ¾ (always).
Whereas propositional versions of TLA and stuttering have been studied in the literature [2, [9] [10] [11] [12] nothing is known about the original Lamport's TLA. Thus, its relationship to known temporal logics is of interest.
In addition to allowing modularization and refinement, TLA was invented to reduce the expressive power of temporal logic. As Lamport pointed out in [7] , TLA is less powerful than temporal logic, because TLA can only express invariant under stuttering formulas, whereas temporal logic can express non-invariant ones as well.
In this paper we show that, to some extent, TLA and Second-order Temporal Logic (SOTL) can be simulated by each other. Namely, we present an equivalence translation of TLA formulas into SOTL formulas 1 and an equivalence translation of SOTL formulas whose satisfiability is invariant under stuttering into TLA formulas, cf. [9] . In particular, loosely speaking, we show that SOTL can be embedded into TLA 'modulo stuttering'. As an immediate corollary we obtain an equivalence translation of SOTL formulas without free flexible variables into TLA formulas.
Of course, there is no equivalence embedding of SOTL into TLA, because sets of temporal interpretations definable in TLA are closed under stuttering, whereas sets of temporal interpretations definable in SOTL are not. Thus, in a sense, our embedding is 'the best possible interpretation of SOTL in TLA'.
Contrary to Lamport's claim in [7] , our translations are relatively simple: the translation from SOTL into TLA is linear and the translation from TLA into SOTL is quadratic. In particular, as an immediate corollary to an equivalence translation from TLA into SOTL presented in this paper, we obtain a quadratic time translation of the TLA validity questions into the SOTL validity. Also, the proofs of the correctness of the translations explicitly show the values of hidden variables in the corresponding temporal interpretations, which gives a new insight into TLA by establishing a relationship between structures with the same 'unstuttered behavior', cf. [3] .
Finally, it should be pointed out that a translation from SOTL into TLA is quite surprising in view of the expressive power of SOTL that is as strong as Second-order Arithmetic.
The paper is organized as follows. In the next section we recall the notion of temporal interpretation. In Section 3 we introduce an 'intermediate' Extended Raw Temporal Logic of Actions (ERTLA) needed for intertranslations between TLA and SOTL and define the syntax and semantics of TLA. In Section 4 we recall the syntax and semantics of SOTL and present embeddings of SOTL and ERTLA into each other. These embeddings are standard and are presented for the sake of completeness only. In Sections 5 and 6 we present the translations of TLA into ERTLA and of ERTLA into TLA, respectively. The embeddings of SOTL and TLA into ERTLA are based on the notion of time variable which is defined over infinite domains only. Thus, in Section 7 we show how finite domains can be simulated by infinite ones. 2 Finally, in the last section we combine all the results from the previous sections to obtain the desired intertranslations between SOTL and TLA.
Temporal interpretations
Semantics of all temporal logics considered in this paper is based on the notion of temporal interpretations defined below. First we recall the definition of interpretations of the ordinary first-order logic that is referred to as Predicate Calculus (PC).
A PC interpretation (or just an interpretation) Å consists of a non-empty domain Å , an assignment to each Ò-place function symbol of the underlying language of an Ò-place function Å Ò Å Å (we treat the language constants as 0-place function symbols),
and an assignment to each Ò-place predicate symbol È of the underlying language of an Ò- ¼ appears in the form ¾ Ø . Since ¾ Ø is equivalent to ¿ Ø , the latter is an STLA formula as well. We refer the reader to [7] for a comprehensive study of STLA.
Finally, for two tuples of terms´Ù ½ Ù ¾
respectively, we abbreviate the formula
It can be easily verified that
Thus, both ¾ Ù and ¿ Ù are STLA formulas.
As has been pointed out in [7] , satisfiability of an STLA formula by a temporal interpretation is not affected if we add to (or remove from) it stuttering steps. In other words, satisfiability of STLA formulas is invariant under stuttering. To be more specific, we need the following notation.
Let Å be a PC interpretation and let ³´Ü Üµ be an ERTLA formula whose free rigid It can be readily seen that the above definition of 'unstuttering' is equivalent to the definition of Lamport [7, Equation (48) ].
The precise statement of invariance under stuttering is as follows. Now we are about to define the syntax and semantics of TLA. TLA formulas are built from STLA ones by the means of propositional connectives and rigid and non-standard flexible variable quantifiers. The reason for using non-standard flexible variable quantifiers is that we want satisfiability of TLA formulas to be invariant under stuttering. As Example 3.5 below shows, quantifying STLA formulas with the ordinary flexible variable quantifiers does not possess that property. We precede Example 3.5 with the following definition. The proof of Proposition 3.6 follows from Definition 3.3 by a straightforward induction on the formula complexity and is left to the reader.
To obtain invariance under stuttering Lamport in [7] introduced a new semantics of (TLA) flexible variable quantifiers. In this paper, to distinguish between the TLA and the (ordinary) ERTLA quantifiers, we shall refer to the Lamport TLA quantifiers by L ´ µ. In general, satisfiability of TLA formulas is invariant under stuttering, see [7] .
We conclude this section with two additional examples which illustrate the difference between the semantics of (the ordinary semantics) and L (Lamport's semantics). In Section 5 we show that TLA can be simulated by ERTLA and the combination of the translations in Sections 4 and 6 shows that the fragment of ERTLA consisting of all formulas whose satisfiability is invariant under stuttering can be simulated by TLA.
Second-order Temporal Logic
In this section we recall syntax and semantics of Second-order Temporal Logic (SOTL) and embed SOTL and ERTLA into each other.
The language of SOTL is obtained from the language of PC bȳ dividing its variables in two sorts: one -ordinary variables, whose temporal interpretation is rigid, and the other -variables whose temporal interpretation is flexible.
adding to the language of PC two unary temporal operators -next and ¾ -always, and one binary temporal operator Í -until.
To define the semantics of and Í we extend 
Embedding TLA into ERTLA
In this section, using the time variable, we present an equivalence translation of TLA formulas into (the TLA-like fragment of) ERTLA. The idea lying behind our translation is illustrated by Example 5.1 below. More specifically, the free variable Ù Ý is introduced in three stages.
1. First, we 'add to´Å µ' a new time variable Ø (whose assignment is ). The intuitive meaning of Ø is that it reflects the fastest time. That is, changes in each state.
2. Then we add an additional time variable Ø Ü (whose assignment is Ü ). The intuitive meaning of Ø Ü is that it simulates time after adding/ removing stuttering steps to/froḿ Å µ.
3. Finally, we introduce Ù Ý (whose assignment is ) so that it respects the new time Ø Ü . That is, Ù Ý may change only if Ø Ü changes.
After all that we choose an appropriate assignment to Ü in Å. For example, this can result in the following sequence of states (temporal interpretation) that satisfies ´Ü Ù Ý µ:
In view of Example 5.1 above, we shall need a 'stretched' time variable Ø Ü in order to simulate L Ü in ERTLA. It is introduced by the formula Ø Ø Ü Ü Ý´Ü Ýµ ¿´Ø Ü Ü ¿´Ø Ü Ýµµ denoted Ë´Ø Ø Ü µ, whose meaning is that Ø Ü simulates time Ø after adding or removing stuttering steps. Namely, Ë´Ø Ø Ü µ will always appear in conjunction with Ì´Øµ. In this case, it states that Ø Ü refers to time, 'modulo adding/ removing stuttering steps'. Thus, the whole range of Ø Ü coincides with that of Ø, even though the latter may change faster than the former. 
In the last clause of the definition of , the quantifier part Ø Ü Ù ½ Ù Ò reflects adding or removing stuttering steps to the original temporal interpretation and Ü states that there is an appropriate assignment to Ü in the temporal interpretation 'after adding or removing stuttering steps'; the conjunct Ë´Ø Ø Ü µ assures that (subject to satisfiability of Ì´Øµ) Ø Ü simulates Ø in the temporal interpretation whose time is Ø Ü after adding or removing stuttering steps; the conjunct 
Embedding a fragment of ERTLA into TLA
In this section we embed a fragment of ERTLA into TLA. The fragment under consideration consists of all TLA-like formulas, see Definition 3.4 in Section 3.
At first glance it might appear that the TLA-like fragment of ERTLA is very restrictive. In fact, it is not restrictive at all, because, as shown in Section 4, SOTL formulas are simulated in ERTLA by TLA-like formulas. Also, combining the embeddings of ERTLA into SOTL and SOTL into ERTLA in Section 4 with the embedding of the TLA-like fragment of ERTLA into TLA presented in this section, we obtain an embedding of ERTLA into TLA.
The embedding of the TLA-like fragment of ERTLA into TLA is based on the notion of state variable × that is intended to indicate the change of the system state. Namely, let ³ be an ERTLA formula, Ü be a free flexible variable of ³, and let × ¼ × ½ be a sequence of states of a temporal interpretation. If in some × the value of (the assignment to) Ü differs from the value of (the assignment to) Ü in state or removing stuttering steps before choosing an appropriate assignment to Ü when passing to satisfiability by PC interpretations satisfying Ë ³´× µ. Namely, the assignment to Ü cannot change faster than the assignment to × that does not change in the added stuttering steps.
The relationship between formulas ³ and À´³ ×µ is as follows. Since is a state variable with respect to and the latter changes already in the first state, ´ ½ ½ µ ´ µ implies that the first change of ½ cannot occur before the first change of ½ . Thus, were (6.1) be true, the first change of the assignment to Ü that occurs before the first change of ½ , would also occur before the first change of ½ . However, this is impossible, because (6. 
Simulating finite domains by infinite domains
In this section, using the 'relativization technique', we show how finite domains can be embedded into infinite ones. This step is required because we need infinitely many domain elements to simulate time when we embed SOTL or TLA into ERTLA.
We shall use the following notation. Let Ê be a new unary predicate symbol and let ³ be a formula over the original language. We denote formulas Ü´Ê´Üµ ³´Üµµ and Ü´¾Ê´Üµ ³´Üµµ by Ê Ü³´Üµ and Ê Ü³´Üµ, respectively.
The Ê-relativization of ³, denoted ³ Ê is the formula that is obtained from ³ by replacing the quantifier with Ê . Formally, ³ Ê is defined, by induction, as follows: 
Summary
Combining Theorems 4.2, 4.4, 5.3, and 6.1 (and Remark 4.6, of course) with the relativization from the previous section we obtain the desired translations of TLA into SOTL and vice versa.
Finally, it immediately follows from the definitions of ËÇÌÄ , , , and À that the translation from SOTL into TLA is linear, whereas the converse translation is quadratic.
